
DUAL BARRIERS AND REGULARIZATION IN NUMERICAL ANALYSIS
OF IMPROPER LINEAR PROGRAMS OF THE FIRST KIND1

L.D. Popov

Inst. of mathematics and mechanics UB RAS, Ekaterinburg
Ural Federal University named after the first President of Russia B.N.Yeltsin
e-mail: popld@imm.uran.ru

We consider the primal linear program

min{(c, x): Ax = b, x ≥ 0} (1)

and the dual one
max{(b, y): AT y ≤ c} (2)

under the only assumption that the feasible set Y of (2) is nonempty. It means that the
program (1) may be either solvable (if its constraints are consistent) or improper of the 1-
st kind [1] (if it is not). In the second case the program (1) can be transformed to a solvable
one by means of any suitable correction of the right-hand-sides of its constraints.

Following [1] one can put program (1) into parametric family of linear programs like

min{(c, x): Ax = b− u, x ≥ 0} (3)

and denote the set of all u which guarantee the consistence of constraints of (3) (and solvability
of (3)) by Ω. We determine the optimal correction vector as

u0 := arg min{‖u‖: u ∈ Ω};
where ‖ · ‖ is Euclidean norm. It is clear that in a proper case u0 = 0.

Let X0 be the optimal set of (3) corresponding to u = u0; e = (1, . . . , 1), A1, . . . , An be
the columns of the matrix A. To combine the process of correction of (1) with the process of
optimization of its criterium we suggest to use the standard logarithmic barrier function for
the dual problem (2) supplemented with quadratic regularization term:

B(ε; y) = (b, y) + ε1

n∑

i=1

ln(ci − (Ai, y))− ε2

2
‖y‖2. (4)

Theorem. If the set Y has at least one inner point then for any pair ε = (ε1, ε2) > 0 there
exists the unique vector ŷε that belongs to the interior of Y and maximize the function (4).
More over,

x̂ε := ε1diag
(
c− AT ŷε

)−1
e → X0, ε2ŷε → u0

as ε = (ε1, ε2) → +0.
Note that second order optimization methods may be used for maximization of a smooth

concave function like B(ε; ·).
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